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The analytical characteristic method is an effective method for computing non-
linear effects in inviscid supersonic flow problems. Although only linear equa-
tions have to be solved, the results are essentially nonlinear, in the sense that the
functional relations between physical state variables and space co-ordinates are
nonlinear in the small perturbation parameter introduced, like the thickness
ratio or incidence of a wing. This holds even for the first-order approximation of
the method.

In the case of two-dimensional (plane or axisymmetric) flow the independent
variables are characteristic co-ordinates, i.e. they are chosen so as to be constant
along corresponding characteristic lines. The space co-ordinates are considered
as dependent variables. In three dimensions there is no unique definition of a
characteristic co-ordinate system, because the manifold of characteristie surfaces
or bi-characteristics is larger than is necessary for defining a co-ordinate system.
The success of a three-dimensional analytical characteristic method, however,
depends on the proper choice of the co-ordinate system.

The present analytical characteristic method for three-dimensional flow is
based on the fact that three-dimensional flow behaves locally like axisymmetric
flow if it is considered in the osculating plane. The corresponding ‘distance from
the axis’ is a function of space depending on the flow field. No change of pressure
occurs normal to the osculating plane and in isentropic flow no change of speed
either. Therefore no co-ordinate perturbation is performed in this normal direc-
tion. Inthe osculating plane the analytical characteristio method isapplied locally
as in axisymmetric flow. In the large the space co-ordinates are obtained by in-
tegration along the main bi-characteristics.

As an example the flow field on the suction side of a flat delta wing with sub-
sonic leading edges is computed. As a main result one obtains shock waves in the
neighbourhood of the leading edges following the expansion.

1. Introduction

The analytical characteristic method, due to Oswatitsch (1962), has proved to
be very effective for computing two-dimensional (i.e. plane or axisymmetric)
flow fields (Schneider 1963). It can be used also in symmetry planes of three-
dimensional flow (Sun 1964) or for flow which is approximately plarie or axi-
symmetric (Niederdrenk 1969). In the general three-dimensional case, however,
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the method may fail, if the characteristic co-ordinates, which are used as in-
dependent variables, are not chosen in a suitable way. Before going into the
details of this problem, the basic idea and the main advantages of the two-
dimensional analytical characteristic method will be pointed out. A more de-
tailed description of it will be given in §2.

The most important advantage of the method is that it reveals ‘nonlinear’
effects of the flow, although only linear equations have to be solved, and this is
also true for its first-order approximation. The expression ‘nonlinear’ means
that the functional relations between physical state variables and space co-
ordinates are nonlinear in the small perturbation parameters introduced, like
the incidence or thickness ratio of a wing. This is achieved by using characteris-
tic co-ordinates as independent variables instead of space co-ordinates. Physical
state variables and space co-ordinates are expanded in power series in a small
perturbation parameter. By the choice of characteristic co-ordinates as indepen-
dent variables one obtains also an improved representation of the characteristic
lines. If only the physical state variables, as functions of the space co-ordinates,
were expanded in a power series in the small perturbation parameter, as in
acoustic theory, the characteristics would to any order of approximation be the
same as in the undisturbed flow.

A further advantage of the method is that the existence of weak shock waves
can be discovered and their location and strength can be computed to the cor-
responding order, as described in § 3.

The difficulty of applying the analytical characteristic method to three-
dimensional flow problems arises from the fact that characteristic variables are
not defined uniquely in a three-dimensional flow field. Instead of two character-
istic line elements there is an infinite number of bi-characteristic line elements
through every point, generating the Mach cone. Consequently there is an
arbitrariness in choosing three bi-characteristic line elements as a base for a local
characteristic co-ordinate system. The choice of the co-ordinate system may,
however, strongly influence the results obtained by the method. Therefore the
question arises of whether there are bi-characteristics which are in some way more
relevant than the others, and which are therefore suitable as a base for a local
characteristic co-ordinate system. The answer to this question is given by con-
sidering the flow locally in the osculating plane of the streamline. In this plane
the equations governing the flow have the same form as the equations for
axisymmetric flow. The only difference is that the corresponding ‘distance from
the axis’ depends on the flow field. In the binormal direction no pressure change
ocecurs and in isentropic flow no change of speed either. This means that the
changes in the physical state variables occur mainly in the osculating plane of the
streamline. The two bi-characteristics lying in this plane are called main bi-
characteristics.

As a result of this consideration the two main bi-characteristics and the
binormal are chosen as a base for the local co-ordinate system instead of three
bi-characteristics. At every point the analytical characteristic method for axi-
symmetric flow is applied locally in the osculating plane of the streamline. No
co-ordinate perturbation is performed in the binormal direction.
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In the large the co-ordinate system is replaced by the zeroth-order space
co-ordinates, which are related to the characteristic variables by the Monge
equation. Thus, the higher order space co-ordinates are given in terms of line
integrals along the main bi-characteristics as functions of the zeroth-order space
co-ordinates. For the case of isentropic flow the first-order approximation will
give sufficiently good results. There is not much sense in considering a second-
order approximation for the space co-ordinates without considering entropy
changes as well. Only the second-order approximation to the physical state
variables would be in no contradiction to the assumption of isentropy.

2. The analytical characteristic method for two-dimensional isentropic
flow

For plane isentropic flow the equations in characteristic variables I and m
have a simple form. The compatibility conditions are

(M2-1)ksg_90 _  (M2—1)ioq o

The characteristic equations are
ox dy ox dy
ﬁ—tan(0+a)—a—l—0, %—tan(ﬁ—a)%—o. (2.2)

Here ¢ denotes the flow speed, M the local Mach number, « the local Mach angle
and @ the angle of the streamline relative to some constant direction, usually the
direction of the undisturbed flow. Further, « and y are Cartesian co-ordinates in
the flow field.

Equation (2.1) can be integrated exactly, but in order to satisfy the boundary
conditions one has to know the solution of (2.2), which again depends on the
solution of (2.1). Because of this difficulty the dependent variables are expanded
in a power series in a small perturbation parameter 7. The undisturbed flow is
assumed to be uniform, with speed ¢,, and 6, = 0:

q=gqo+T10,(L,m)+..., O=70,(I,m)+..., (2.3)

z=xgll,m)+ 1y (I, m)+ ..., y=ysll,m)+7,({,m)+.... (2.4)

First z, and y, are determined from (2.2). They are then used to satisfy the

boundary conditions for ¢, and &, are known, the first-order terms x, and y,

can be determined from (2.2). In this alternating way higher order terms can also
be computed.

The solution when in the form of (2.3) and (2.4) defines functional relations
g = q(x,y;7) and ¢ = O(x,y; 1) which in general cannot be given explicitly. It
can be seen, however, from (2.3) and (2.4) that these functional relations are non-
linear in 7, even if only first-order terms of ¢, 8, ¢ and y are considered.

In addition, the functions g(x,y;7) and 6(x,y;7) are in general not uniquely
determined in the whole flow field, because there are usually regions in which (2.4)
cannot be inverted uniquely. In order to obtain uniquely defined solutions
q(x,y;7) and 6(x,y;7) one has to assume the existence of shock waves in the
regions of non-uniqueness.
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Ficure 1. Region of folding in (a) the physical plane and
(b) the characteristic plane.

3. Weak shock waves

A region of the flow field in which the functions x(I,m) and y(/, m) cannot be
inverted uniquely is called a region of folding. Such a region is multiply covered
by characteristics. Since the physical state variables are functions of I and m,
they are not unique functions of x and y in a region of folding.

In order to obtain a uniquely defined solution for the physical state variables
one has to assume a shock wave in a region of folding. To explain this, a charae-
teristic plane is introduced in which ! and m are Cartesian co-ordinates, whereas
the plane with Cartesian co-ordinates x and y is called the physical plane. The
region of folding is shown in figure 1(a). It is bounded by the curves L, and L,.
The corresponding region in the characteristic plane is shown in figure 1(b).
Three curves 8, S, and §; in the characteristic plane are related to every curve
S in the physical plane. The region between 8, and S; is indicated in the physical
plane by the dotted part of the lines / = constant. If the region between S; and
8, is cut off, one obtains a uniquely defined solution for the physical state
variables in the physical plane. This solution changes discontinuously across the
curve S, from the values which are given on the curve 8, to the values on §,.
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Thus S represents a shock wave, if it is chosen in such a way that the discontinuity
satisfies the shock conditions across S. The numerical method for computing the
location of the shock curve is described in § 6 for the case of a conical flow field.

4. Basic equations
4.1. Equations in intrinsic form

In Cartesian co-ordinates (x, y, z) the differential equations for steady flow of an
inviscid ideal gas are, in terms of the density p, velocity vector v, pressure p

and entropy 3, V(ov) = 0 (continuity), (4.1)
(v.V)v+plVp =0 (momentum), (4.2)
(v.V)8 =0 (energy) (4.3)

with the notation V = (8]ox, d/dy, 0/0z).

Define s,n and b at every point as unit vectors in the direction of the streamline,
its main normal and its binormal. The derivatives in these directions will be

written briefly as o ¢ _ 500 0.V = 9/on, b.V = 9jeb.

By multipling the vector equation (2.2) by s, n and b, and introducing the flow
speed ¢ for which the relation v = gs holds, one obtains the following scalar
equations:

oq 1op
qzs_'_/_)_é.—s =0, (4.4)
osy 10
2 —_— ———
q (n.as) +pan 0, (4.5)
op/ob = 0. (4.6)

Assuming isentropic isoenergetic flow, one can show with the help of the energy
equation that (4.4) can be replaced by the more general relation

gdg+p~tdp =0, (4.7)
which is used to eliminate the pressure p. The density p is eliminated by the
relation dp = a-2dp, (4.8)

which holds for isentropic flow. Here a denotes the speed of sound.
If (4.7) and (4.8) are inserted into (4.1), (4.5) and (4.6) one obtains the following
equations for the unknown velocity:

¢\ % os 2\ _
( az)as“(n'an)“(b'ab =0, (4.9)
8 0
‘%”%ﬁ , (4.10)

2g/ob = 0. (4.11)
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The speed of sound a will be expressed in terms of g using the energy equation in
the form
a?+ 3(x— 1) g% = constant,

where « denotes the ratio of specific heats.

Equations (4.9)-(4.11) reveal the relation of general three-dimensional flow to
plane or axisymmetric flow. The term b. 0s/0b is zero for plane flow. For axisym-
metric flow it is inversely proportional to the distance from the axis. This shows
that the surface elements which are generated by the vectors s and n play locally
the role of the symmetry plane of two-dimensional flow. Further, changes in the
quantities g, p and p occur only in these surface elements because of (4.6), (4.8)
and (4.11). Therefore the two families of bi-characteristics, which are composed
of line elements lying in these surface elements, are called main bi-charac-
teristics.

4.2, Relations along the main bi-characteristics
The unit vectors in the directions of the main bi-characteristics are denoted
by 1 and m. The derivatives in these directions are

1.V = 9/dl, m.V = d/om.

In terms of the Mach angle a the vectors 1 and m are related by definition to the
vectors s and n by

]l =scosa+nsine, m = scosa—nsina. (4.12)
The local Mach number M = q/a is related to the Mach angle by
sing = 1/M.

In terms of the derivatives ¢/l and 8/om equations (4.9)-(4.11) become

oq Js Js
2_1)E 2 =) = _—
(- 1% q(.al) a(b.ab),

oq 0s Js (4.13)
2_ 1)L —) = —
(M2—-1) 8m+q(n'6m) a(b.ab),

0 = dq/ob.

4.3. Monge equation

For the space co-ordinates the Monge equation is valid along any bi-charac-
teristic. In Cartesian co-ordinates this equation is

(@®—v? —w?)dx?+ (a® — u? —w?) dy® + (a? — u? — v?) d2?
+ 2vwdydz + 2uwdadz + 2uvdady = 0. (4.14)
Using this equation along the two main bi-characteristic directions one obtains
two equations, which will serve to determine the space co-ordinates. They will be

completed by postulating that no co-ordinate perturbation is performed in the b
direction.
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4.4. Equations in Cartesian co-ordinates
In the following (4.9)-(4.11) will be used also in terms of Cartesian co-ordinates.
The components of v in the z, y and z direction are denoted by u, » and w respec-
tively. In terms of the velocity components (4.9)-(4.11) become

ou ov ow
2 __ 2 2 _ 2 2_ 2
(w G)3x+(v G)8x+( G)ax
oy ow ou  ow ou  ov -
o (Waz) M (5“*375) T (@J’a_x) =0 (%1
Vxv=0. (4.16)

Because of (4.17) a velccity potential ¢ can be introduced:
v = Vé.

In terms of ¢ equation (4.16) becomes

o ¢ o*$ o*p P 7%
2 —c? i =
(u? c) c)3y2+( ) 5 T 2vw 3y82+2uw8x82+2w8x8y 0.

(4.17)

5. Dependent and independent variables

In the following the dependent variables are u, v and w, representing the
physical state variables, and the Cartesian space co-ordinates (z, ¥, 2).

The independent variables are denoted by z,,y, and z,. They are defined to
be equal to the Cartesian space co-ordinates at the zeroth order of approximation.
The relation of the variables x,, ¥, and z, to the local characteristic co-ordinates

is given by
(&) - () - (&) -

(o) = (am) (e -

where f? is short for M3— 1, M, denoting the Mach number of the undisturbed
flow.

Relations (5.1) are at the zeroth order of approximation identical to the Monge
equations and are therefore at this order of approximation valid along any bi-
characteristic. At higher orders of approximation, however, they hold only
along the main bi-characteristics. Nevertheless the space with Cartesian co-
ordinates (x,, ¥, 2,) is called the ‘characteristic space’.

(5.1)



88 A. Frohn

6. Zeroth-order of approximation
The dependent variables are expanded in a power series with respect to a
perturbation parameter 7:
T = Xy + T2, (%o, Ygs 29) + --+»
Y = Yo+ TY1(T0; Yos Z0) + - (6.1)
2 =29+ 729(Xgs Yor 20) + - --»
V = 0+ 7V (%, Ygs %) + -+ - (6.2)

The zeroth-order velocity is determined by the undisturbed flow, which is
assumed to be a uniform flow in the x direction with velocity v, = (u,, 0, 0),
sound speed a, and Mach number M, = u,/a,. The zeroth-order space co-ordi-
nates are given by the definition of the independent variables. The zeroth-order
term of s is given by

s, = (1,0,0).

The zeroth-order terms of the veetors n and b, however, contain the unknown
first-order terms #, and w,. Since n is defined as a unit vector in the direction of
2s/0s, one obtains

n, = (0’ e 7'), (63)
. 0v, [0,
h — 1 0
wit ¥ = T(@vyfew,)? + (Gufomo T 64
, ow,/ox, '

Y= [(@vyfome)e+ (0w, I

and for by, which is orthogonal to n, and s,

by = (0, —7,7'). (6.5)
Thus
(L2 Y _ (8 =y =¥
v (g w) = ) ¢

Since 1, and my, are needed to determine 2,, ¥, and z,, one has to compute v, first.

7. First-order of approximation

By inserting (6.2) into (4.15) and (4.16) and observing that at zeroth order
9 o 2 _
ox  oxy Oy Qyy 0z Oz

one obtains the equations

e i Yot R} (1.1)

Vo x vy = 0. (1.2)t

1 The symbols V, x and V, denote the operators V x and V with respect to (z,, ¥, 2o)-
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In terms of a first-order potential ¢, which is defined as
vy = Vody, (7.3)t
24, 0%, &%
2 1 1 1 —
i (7.4)
With v, computed from (7.3) and (4.4), 1, and m, are given by (6.6) and (6.4).
In the first-order approximation to the Monge equations the derivatives

0/l and 8/ém are equal to 1;.V, and m,.V, respectively; they are denoted by
d/olyand 0/omy. T

(6w0 0%y p9 Yo Oy p 2 92 6z1> (6x0>

al, ol, 8_l08—l0_ al, ol al

9yq 0% 9y 0y, 01, 02,
(@01~ Uy th) [(az) +(ﬁ)]+ oo 7, Tl g = % (7:54)

o 0xy 69&1 _p _‘?}_{_q oY /)’2 Bzo 321 % )2
3m0 omy omg,om, 071 om,

Y, 0z 0%y Y, 9%y 3yo
+ (o @y — Uy y) [(%(-)) + (%;) g s 6m0+u°w13m p =0. (7.5b)

equation (7.1) becomes

Using (6.6) the first-order approximation to the Monge equations becomes
ﬁayl ,ﬁazl K+1Miu, Mgop,
al, 2 pouy wy oy’
k+1M3u, M3og,
2 g Uy Uy OMy

0
rrp Iy p T
Vam(,"a

An additional equation for the first-order space co-ordinates is obtained by
postulating that no co-ordinate perturbation is performed in b direction:

o (7.8)

amq

Yth—v2=0. (7.7)
Using this equation one can integrate (7.6):
, k+1M3 fu M2
—YPh—V P = 5 B ldl 00?51,
7.8
, K+1M3 M2 (7.8)
Ty +YByL+ Y P = 2 ‘7)7 "d " — ¢y
0

Here the integrals are to betaken along the main bi-characteristics.'

8. Discussion of the first order of approximation

The combined solutions of (7.1), (7.2) and (7.8) represent the result of the first-
order approximation of the present method:

u(x, y,z) = Uy + 7Uy(Zo, Yo, Zp)s (8.1)
& = Xg+ 791(Zg, Yo, 2o)>
Y = Yo+ 741(%0; Yo, 20)s (8.2)

2 = 2o+ 724(%0; Yo, Z0) -

t See footnote on p. 88.
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Consider first the case when u;(z, ¥y, %,) can be approximated by the first two
terms of a Taylor series along X, = (2y,%;,%,):

U, (29, Yo, 20) = U1(%, Y, 2) —7(X;. V) Uy(w, 9, 2). (8.3)

By inserting (8.3) into (8.1) one obtains a solution which differs from the first-
order solution of acoustic theory by the second-order term

—-73(x,.V)u,(z,y, 2). (8.4)

It is, however, not the purpose of the present method to give just a second-order
effect. This could have been done earlier using a higher order acoustic theory.
In the present method interest is concentrated on those regions in which (8.3)
does not hold. In this case the nonlinear functional relation u,(x,y,z;7) is such
that it cannot be expanded in a power series in 7. Thus, one could not obtain
solutions depending on 7 in this way from acoustic theory to any order.

Examples of regions in which (8.3) does not hold are the following.

(i) The neighbourhood of subsonic leading edges of wings, where u(x,, ¥y, %)
becomes infinite usually.

(ii) The neighbourhood of surfaces which correspond to shock waves. As
described in § 3 there are two or more surfaces in characteristic space correspond-
ing to a shock surface in physical space. In the neighbourhood of these surfaces
there is usually a surface on which the normal gradient of the normal velocity
component is infinite or even with infinite values of the velocity components.

9. Second order of approximation
The equations for the second-order velocity components are given by the
second-order terms of (4.15) and (4.16), observing that at first order the relations
between the derivatives in physical and characteristic space are
o 0 0% o 9 0% o @ 3X1V 0.1
o dxy, oxy, U dy Oy, Oy O Oz Ozg Oz (9-1)
By considering further (7.1) and (7.2) one can write the second-order equations
in the form

0 0 0
ﬂza(uz—X1-Vo"h)"a—y“o(vz—xrvovﬂ—%(wz*‘xl-vowﬂ
10 +1
Vo x (Uy— (X4. Vo) uy) = 0. (9.3)

In (9.2) essential terms would cancel if the relations (7.8) were inserted. It is,
however, more convenient to use the equations in the forms (9.2) and (9.3). Using
the components of the vector

uy = u,—(x;. Vo) uy (9.4)
as new dependent variables one has to solve the same equations as in second-
order acoustic theory. Because of (9.3) one can introduce a potential for the
vector u3, whereas there is usually no potential for the vector u,,.
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For all higher order terms of the velocity, component equations of the form
of (9.2) and (9.3) have to be solved.

In order to obtain the second-order terms of the Monge equations one has to
express the first-order parts of the derivatives ¢/0l and 9/om in terms of deri-
vatives with respect to x,, y, and z,. First the terms 1, and my, of the vectors 1
and m are computed using the results of (9.3) and (9.2). Using the relations
(9.1) and (7.8) one obtains

o %, 2 ax, ?
i (”’(‘1‘%)-‘0)51'0“(‘1’5%)-"0%;’

(9.5)
2 1+ m—a—xl)m i +7{m f)xl)b 4
om T\ =70, ) om, T\™ " om,) 0o,

0

Thus the second-order terms of the Monge equations have the same form as
7.8): ’
(7.8) Ty =YY~V 2 = F (X1, 0y, u5) dl, }

, (9.6)
Lo+ VYo +7Y 20 = G(Xq, Uy, Wy) dmy.

The right-hand sides of (9.6) contain only the known functions ¥ and &, which
are obtained by expanding the Monge equations and using the relations (9.5).

All higher order terms of the space co-ordinates will be given by relations
of the form (9.6).

10. Example: upper side of a conical flat delta plate with subsonic
leading edges

Conical flow problems are well suited for studying general three-dimensional
flow problems, because conical symmetry does not change the three-dimensional
nature of the flow, as plane or axial symmetry does. The problem of nonlinear
conical flow has been considered by many authors. A survey of methods and
results has been given by Bulakh (1970).

The method of computing the location and strength of weak shock waves by
solving linear equations was described first by Lighthill (1949). For the case of a
wing with subsonic leading edges and arbitrary cross-section the present method
gives at first-order formulae for the location and strength of the head wave
similar to those given by Lighthill; the only difference is in the boundary con-
dition of the starting linearized solution, because the present method is applied
in the whole flow field and not only in the neighbourhood of the shock wave. The
span of a wing in characteristic space is usually different from the actual span
in physical space. This may have an essential effect on the location and strength
of the shock wave, e.g. if the leading edges are nearly sonic.

A much more complicated situation occurs in the case of inner shock waves,
such as those at the leading edges on the upper side of an inclined flat delta wing
with nearly sonic leading edges. Except in the case of a head wave, no a priors
assumptions can be made, like assuming the shock shape to be approximately
a circular cone or the flow in front of the shock to be uniform. In the following
example not even the existence of a shock was presumed from the beginning.
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If a characteristic method is applied to a conical flow problem, it has to be
treated first as a three-dimensional problem, because the conical gasdynamic
equations, which contain only two independent variables, are of elliptic type.
Since in conical flow the physical quantities are constant along straight lines
through the origin, the following conical co-ordinate systems are used in charac-
teristic space and in physical space:

£, =%y o= Yo/%y $Co =2/, in characteristic space,

o } o
E=x, y=ylr, {=z/x in physical space.

The physical quantities are functions of 9, and §, only. The potential ¢ has

the form

¢ =§& ?Pr("?o’ o)-

The equation for the function @, which is called the conical potential, is at first
order, according to (7.3),

2 24 24
03— 058+ @~ 0 55+ g o = 0. (10.2)
The linearized solution for the inclined conical delta plate has been given by
Robinson (1946). It is given here in a similar co-ordinate system.

First a Lorentz transform is applied, such that the inclined wing islocated in the
symmetry plane of the undisturbed Mach cone. The transformed co-ordinates
are denoted by (,,7,, §)- A new conical co-ordinate system is introduced,
leaving £, unchanged:

To =P lcospcosyy, & =p1(1—ki?sin2o)tsiny, (10.3)

where k, denotes the zeroth-order span of the wing and k¢? = 1—k2. In these
co-ordinates the conical velocity potential for the flat delta plate at an inclination
7 is found to be

- ugkiT ¢ (1 —kj2sin2 o)t

¢, BE) €OS @ COS ;&J‘O povepe do, (10.4)

I

where E(k;) denotes the complete normal elliptie integral of the second kind. The
velocity components obtained from the potential are

_ upkdTcos i sin g (1 —kg?sin® o)}

U, = E(k")) k% COSZ¢'+]C62 COSZ(p [ (10.50)
o — Yok3TREcOs g sing (1 —ki?sing)t  H(o, ky) 10.5b
V7 E(kg)  kE(kE cos® Y+ kg cos? @) K 10:50)
~ ugk§T cosysinysing (10.5¢)

“1 = E (k) Facost g + ky2cos g

Since at the leading edges cos p = 0 and cosy = 0 the velocity components have
singularities there, corresponding to the fact that the expansion around the
leading edges is accompanied by a rather higher flow speed.

The first-order space co-ordinates have the form £, f(7,, §,), otherwise there is
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no conical symmetry in physical space. The first-order conical co-ordinates are
related to the first-order Cartesian co-ordinates by

- Moy 5 21— %

& =2, "71=’Z'/1—'£—7]2‘1> §1='i'g§i—1- (10.6)

0 0
Only 7, and &, are relevant; they are functions of 7, and g, only. £, can be elimi-
nated by the assumption of no co-ordinate perturbation in the binomial direc-
tion ~
1=~ (Y1 =78/ (' To—7%), (10.7)

however, special considerations have to be made in the neighbourhood of those
points or lines on which Y7y —yg, = 0.

The two unknown functions #, and ¢ are then obtained from the Monge
equations, observing that for functions depending on 7, and {, only the deri-
vatives 2/dl, and 9/dm, are given by

2 Y

E)_l; = ('}’”‘ﬂ"]o)é’%*‘(?’ —ﬂ§0)5§—0,

) AP (10.8)
P —(7+ﬂ7lo)57:7;—(7 +ﬂ§o)5-§—-0.

The integration of the Monge equations has been carried out numerically, be-
cause their right-hand sides and the functions y and y’, derived from (10.5), are
complicated functions of 7, and &,

Only along the wing surface can they be integrated analytically. Since at the
wing surface 7 is equal zero and from (10.5) one finds y = 0, the derivatives
(10.8) reduce to derivatives with respect to { only. Therefore one cannot request
that ¢; at the wing surface be zero. This means that the mapping from charac-
teristic space into physical space changes the span of the wing. One finds that the
span becomes smaller on the upper side and larger on the lower side, because u,
is positive on the upper side, whereas it is negative on the lower side. Therefore
on the upper side one has to choose the parameter %, larger than the given span
k of the wing, whereas on the lower side one has to choose k, smaller than k.
Integration of the Monge equation along the wing surface gives the relation

(k+1)My kg
B ko Elk)

k= ky—

If % reaches values close to unity, %, has to be chosen larger than one. The solu-
tion, which is obtained by formally setting %, > 1 in (10.5), is not equal to the
acoustic solution for a wing with supersonic leading edges, although the zeroth-
order leading edges are located outside the undisturbed Mach cone. The solution
becomes double valued in the region outside the undisturbed Mach cone formed
by the wing, the Mach cone and its tangents through the leading edges. This can
be seen from the definition of the co-ordinates (10.3), which are double valued
in this region. But since the co-ordinate perturbation has also two values in every
point of this part of characteristic space, one obtains a uniquely defined solution
in physical space, except in a small region, in which a shock wave is postulated,



94 A. Frohn

Mach cone

Shock waves

M,

Symmetry axis
of wing

Bow shock

Fieure 2. Wing with shock waves and Mach cone in Cartesian co-ordinate system. Mach
number of undisturbed flow M, = 2, wing span k/f = 0-5, angle of attack 7 = 0-06 rad.

as described in § 3, in order to obtain a unique solution. It is known that a shock
runs upward from the leading edge, owing to overexpansion about the leading
edge. This shock has been considered locally in the neighbourhood of the edge
by Fraenkel & Watson (1964). The local solution was given first by Guderley
(1954) for the case of a plane flow over an inclined flat plate. The shock wave does
not begin exactly at the leading edge, but at some very small distance from the
edge; however, within the accuracy of the present method it may be assumed to
start at the leading edge.

The location of the shock is then computed by the following method. Assume
one point of the shock wave to be known; its co-ordinates are denoted by (7, ).
As described in § 3, there are two points of characteristic space corresponding to
(7%, &). These points are denoted by (7%, &) and (9g:, &), corresponding to
the state (u;, v,, w,) in front of the shock and the state (1, 9;, @,) behind the shock.
In order to compute a neighbouring point (7, &) of the shock one has to compute
the corresponding points (7, &) and (i, y) at the same time. Thus six equa-
tions are necessary to compute a neighbouring point. These equations are

N = Tos + 771(7703’ §03)’ Cs = €08+ gl(’]Os’ C()s)’}
s = ﬁ03+771(ﬁ0s’ gos), gs = §0s+ gl(ﬁo.s’ §0s)

and two equations obtained from the shock conditions. The continuity of the
velocity components tangential to the shock wave is in conical flow satisfied

by th diti N
v Phe condition D105 Gos) = P1(Toss §OS)' (10.10)

(10.9)
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Ficure 3. Location of shock waves. Mach number of undisturbed flow M, = 2, wing span
k/f = 0-5, angles of attack 7 = 0-04, 0-05, 0-06 rad.
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F1cURE 4. Pressure jump across shock waves. Mach number of undisturbed flow
M, = 2, wing span &/ = 0-5, angles of attack 7 = 0-04, 0-05, 0-06 rad.

The jump condition normal to the shock is

Uy By = *2—[{x — 1) [{x+ 1)] 3, (10.11)
where u,, and 4, denote the velocity components normal to the shock and w,
the component tangential to the shock; c* denotes the critical velocity of sound.

It is assumed that (10.9)—(10.11) can be expanded in the direction of the shock
(not normal to it !) in terms of the small parameters

'”:; — Qs g: - gs’ 77:3 — Tos> g(:)ks - §0s’ ﬁ:s - ﬁOS’ g:s - go.e' (10' 12)
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Thus six linear equations have to be solved for the six unknown values (10.12)
This has been carried out numerically. Starting with the point at the leading
edge, the location of the shock wave is computed up to its end-point. The shock
strength is computed at the same time from the values of the velocity at the
points (7os Cos) a0d (fg, &os)- At the end-point the shock strength vanishes.
Figure 2 shows the wing with the shock waves which arise at the leading
edges and end at some distance from the wing, becoming infinitely weak at the
end-points. Figure 3 shows the location of the shock waves for three different
values of incidence. Figure 4 shows the pressure jump across these three shocks.
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